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ABSTRACT 
T h i s  r e p o r t  i s  a review of e x p i o r a t o r y  a n a l y t i c a l  s t u d i e s  of t h e  i n f l u e n c e  
of energy conservacion on the mechanical  behavior  of a v a r i e t y  of models of mate- 
r ia l s  i n  d i v e r s e  test s i r x a t i o n s .  The r e s u l t s  are p resen ted  and d i scussed  so t o  
d i s p l a y  c h e i - r  p h y s i c a l  i m p l i c a t i o n s  r a t h e r  t h a n  t h e  d e t a i l s  o f  t h e i r  d e v e l o p m e n t .  
The work i s  g e n e r a l l y  compJ.emen:ary to t h e  e x i s t i n g  body of  t h e o r y  r e l a t i n g  t o  
mechanical   bchaviur .  Hawever, cons idera t ion   of   the   necessary   coupl ing   be tween 
the thermal  and mechani .ca1 f ie lds  i n  deforming mater ia ls  does suggest  some new 
approaches t o  the: problems of f r a c t u r e  in s o l i d s  a n d  f l o w  s t a b i l i . t y  i n  f l u i d s .  
Some i n s i g h t s  inLo t h c  rtjle o f  m i c r o s t r u c t u r e  i n  d e t e r m h i n g  the behavior  of s o l i d s  
a ra  a l so  sugges red .  
The methods, m m c  cjf which involve the use of e lec t r ic  ana logs  of t h e  mechan- 
ical  system, show how neck ing ,   y i e ld   and   p l a s t i c   f l ow may ar ise .  In a d d i t i o n  
s c a l e  e f f e c t s  a r e  introduced which are l i k e l y  t o  be of i n t e r e s t  i n  g e o p h y s i c a l  
phcnomc na 
iii 
THE ROLE OF ENERGY I N  DEFORMATION 
"
INTRODUCTION 
We have been explor ing the inf luence of  energy conservat ion on the mechanical  
behavior  of  mater ia l s .  The approach  involves  the  ana lys i s  of t h e  b e h a v i o r  o f  
model  systems. Our concern  has   been  the  physical   understanding  and  the mathema- 
t i c a l  d e s c r i p t i o n  o f  t h e  r e s p o n s e s  of m a t e r i a l s  t o  stress and s t r a i n .  
H i s to r i ca l ly ,  t he  ene rgy  ba lance  has  had  an  impor t an t  p l ace  in  the  theo ry  of 
t h e  mechan ica l  s t r eng th  o f  so l id s  in  wh ich  the  work of  f r a c t u r e  i s  compared wi th  
t h e  energy  of  new s u r f a c e  t h a t  i s  formed  (1). However, t he   obse rved   s t r eng ths   o f  
m a t e r i a l s  o f t e n  g r e a t l y  e x c e e d  t h o s e  computed  on t h i s  b a s i s .  It may b e  i n f e r r e d ,  
t h e r e f o r e ,  t h a t  e n e r g y  consuming deformatfons general ly  precede fracture .  
Our s t u d i e s  h a v e  r o o t s  i n  t h e  d i s c o v e r y  made by Copple,  Hartree,  Porter and 
Tyson ( 2 )  who showed t h a t  t h e  f a i l u r e  o f  a d i e l e c t r i c  i n  a n  a l t e r n a t i n g  f i e l d  
occur s  because  the  e l ec t r i c  l o s s ,  wh ich  p roduces  hea t  i n  the  t e s t  p i ece ,  i nc reases  
r a p i d l y   a s   t h e   t e m p e r a t u r e   i n c r e a s e s .  A s  a r e s u l t ,   r e g e n e r a t i v e   t h e r m a l   f e e d b a c k ,  
a c h a i n  r e a c t i o n  e f f e c t ,  e n h a n c e s  t h e  h e a t i n g  and  can  l ead  to  the rma l  in s t ab i l i t y .  
We contend  tha t  the  response  of mate r i a l s  t o  mechan ica l  stress i s  s i m i l a r l y  exo- 
thermic and t empera tu re  sens i t i ve .  
Heat  product ion  in  deforming  mater ia l s  has  of ten  been  noted  and  i s  sometimes 
comspicuous (3-7).  Fu r the rmore ,   t hese   t he rma l   e f f ec t s   have   been   suspec ted   o f   i n f lu  
enc ing  mechanica l  behavior  for  some time ( 8 ) ( 9 ) .  I n  t h e  c u r r e n t  w o r k ,  q u a n t i t e t i v e  
r e l a t ions  be tween  the  the rma l  and  mechanica l  var iab les  in  model  sys tems have  been  
developed.  This  has  been made poss ib l e  by  the  use  o f  modern  computing  machinery, 
spec ia l  ana log  dev ices  and  by  the  ca re fu l  s e l ec t ion  o f  p rob lems .  
I n  t h e  text be low,  the  va r ious  r e su l t s  (10-18) are  rev iewed and  in tegra ted .  
These show t h a t  t h e  e f f e c t s  of hea t ing  can  indeed  be  dec i s ive .  P l aus ib l e  phys i ca l  
r a t iona l i za t ions  have  been  p rov ided  fo r  many de ta i l s  o f  t he  mechan ica l  behav io r  o f  
1 
real  m a t e r i a l s  i n c l u d i n g  t i m e  and s i z e  e f f e c t s ,  y i e l d ,  n e c k i n g ,  p l a s t i c  f l o w  and 
f r ac tu re .   Fu r the rmore ,   t hese   r a t iona l i za t ions   a r e   a l t oge the r   complemen ta ry   t o   t he  
ma in  s t r eam theor i e s  o f  t he  phys ic s  o f  ma te r i a l s  and  invo lve  the  de t a i l s  o f  t he  
micros t ruc ture  which  a re  now be ing  wide ly  s tudied .  
While 
been given 
re l evan t  
some o f  t h e s e  r e s u l t s  seem t o  b e  d i r e c t l y  a p p l i c a b l e ,  emphasds  has 
to   t he   phys i ca l   Pns igh t s   t ha t   t he   ana lyses   p rov ide .   These   a r e   b road ly  
and  could ,  for  example ,  in f luence  t h e  s t r a t e g y  and t a c t i c s  o f  m a t e r i a l  
development  and  des-ign  programs. In a d d i t i o n ,  t h e y  a r e p e r t i n e n t  t o  t he   s t ab i l : i . t y  
of  flows  and t o  l a r g e  s c a l e  e v e n t s  of geophysical  interest  such as  mountain forma- 
t i o n  and metecrology.  Experimental  t es t s  of  t h e  t h e o r y  a r e  a l s o  d i s c n s s e d .  
11. DISCUSSION OF THE MODEL 
Every  mathemat ica l  descr ip t ion  of  the  m2chanica l  behavior  of  a mater - ia l  in -  
vol.ves a commitment t o  a model .   For   example,   the   theory  of   e las t ic i ty   implies  a 
model of a sc l id  cons is t ing  of  e lementary  masses  connec ted  to tile amthr7.r by 5nL- 
form l i n e a r  s p r i n g s .  More than  a century  ags   Maxwell   pointed  out   that   the  s i m u -  
l a t i o n  o f  t h e  b e h a v i o r  o f  r e a l  m a t e r i a l s  c o u l d  be improved by including viscous 
elements  i n  the   cocnec t ions   be tween  the   e lementary   masses .  I n  t h i s  way, t h e  i m -  
p e r f e c t  r e v e r s i b i l i t g  o f  a l l  r e a l  e x p e r i m e n t s  c o u l d  b e  d e s c r i b e d .  
Visco-e las t ic  models  of  the  type  sugges ted  by  Mamel l  have  been  fcmd very  
u s e f u l  f o r  d e s c r i b i n g  t h e  b e h a v i o r  o f  bread  dough,  rubber ,  synthe t ic  orgenic  pe ly-  
mers and o ther  mater ia l s  of  commerc ia l  impor tance .  In  some of these c a s e s  r e l a -  
t ionships  be tween the  de ta i l s  o f  the  model  and  the  molecular  s t ruc ture  of  the  
material   have  been  proposed ( 2 0 ) .  These  appl icat ions  and  correlat ions  have  been 
p a r t i c u l a r l y  f r u i t f u l  when t h e  m a t e r i a l  u n d e r  c o n s i d e r a t i o n  i s  r e l a t i v e i y  s o f t .  
App l i ca tFon  to  the  ha rde r  ma te r i a l s  wh ich  a re  more f a m i l i a r  t o  s t r u c t u r a l  e n g - i n e e r s  
have  been less s u c c e s s f u l .  
This  i s  prec ise ly   the   expec ted   consequence  of energy  conse-mation.  A l l  of 
the  mechanical  work  done  on a viscous element  i s  c o n v e r t e d  t o  h e a t .  I f  t h s  amGunt 
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of  work  involved  is  low,  the  process  is  essentially  isothermal.  When, on the 
other  hand,  the  heat  production  is  substantial,  the  coupling f the temperature 
field with  the  mechanical  field in the  material  cannot  be  neglected. 
This  coupling  is  particularly  strong  in  the  case of the  viscous  element be- 
cause of Its  temperature  dependence.  For  the  purposes of the  present  analyses 
the  elastic  elements  are  considered  to be indifferent  to  the  temperature.  This 
compromise  is  not  essential  but  it  greatly  simplifies  the  computations.  Further- 
more it  does  not  offend  our  physical  intuition  since  the  relaxation  phenomena re- 
presented  by  the  viscous  elements  are  biased  diffusions  which  characteristically 
have  an  exponentiai  dependence on temperature. On the other  hand  the  reversible 
phenomena  represented  by  the  elastic  elements  depend on the  potentials of  inter- 
molecular  Eorce  which are much  less  sensitive  to  the  temperature. 
A s  a  result of coupling,  the  temperature  depends on the  length of time  that 
the  heat  source,  the  viscous  process,  has  been  operating.  Thus,  the  apparent 
viscosity  can  be  expected to be  time  dependent. To the  extent  that  heat  conduc- 
tion  occurs,  the  temperature  distribution, a d  therefore  the  apparent  viscosity, 
also  depends  on  the tkrmal boundary  conditions  and  the  size of the  sample. 
In the  purely  viscous  model,  the  temperature  changes  can  also  be  expected to 
influence  the stabil-ity of laminar  flows  and  the  development of cavitation  in 
liquids  (iO-ll)* In viscoelastic  materials,  some of the  time  and  size  effects 
which  are  often  observed in experiments  with  real  materials  can  be  rationalized  in 
a  straightforward  manner.  From  this  point of view,  the  equations  describing  the 
behavior of a  single  element  are  non-linear.  It  is  not  necessary,  therefore,  to 
assume  elaborate  spectra of relaxation  times to  account  for  the  intricate  behavior 
that  is  often  observed  in  experiments. 
Although  the  approach  is in principle  more  general,  the  analyses  are  simplifi- 
ed by focussing  attention on one  dimensional  problems as  is the  custom  in  many 
rheological  discussions. Thus, the  material  is  represented  by  an  array  of  masses 
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connected  to  one  another  in  series through combinat ions of  e las t ic  and viscous 
e lements .  For  suf f ic ien t ly  s low deformat ions ,  the  iner t ia  of  the  masses  may be 
neg lec t ed .  However, i n   t h i s   q u a s i - s t a t i c   s i t u a t i o n ,   t h e   c o n n e c t i o n s   b e t w e e n   t h e  
masses cannot be lumped, as i s  done in  c l a s s i ca l  rheo logy ,  because ,  even  though  the  
stresses are   un i form,   the   t empera ture   in   the   sample   need   no t   be .   This  s imple  f ea -  
tu re  of  the  model  can  account  for  some o f  t h e  n o n - u n i f o r m  s t r a i n  d i s t r i b u t i o n s  t h a t  
a r e  o f t e n  o b s e r v e d  i n  r e a l  d e f o r m a t i o n s .  We r e c a l l  t h a t  t h e  n e c k i n g  o f  a wire o r  
f i lament  i s  r a r e l y  i f  e v e r  i n i t i a t e d  c l o s e  t o  t h e  j a w s  o f  t h e  t e s t i n g  maching 
which can funct ion as  heat  s inks (12) (21) 
A t  h i g h e r  r a t e s  o f  d e f o r m a t i o n ,  o r  more a c c u r a t e l y  a t  h i g h e r  r a t e s  o f  a p p l i e d  
boundary  ve loc i ty ,  t he  ine r t i a  of t h e  e lementary masses  re tards  the propagat ion of  
t h e  d i s t u r b a n c e  i n t o  t h e  m a t e r i a l .  The ea r l i e r  appea rance  o f  t he  stress on the  con- 
nec t ing  e lements  near  the  moving boundary produces local heating and  enhanced l o c a l  
s t r a in  r e sponse .  Th i s  can  accoun t  fo r  wha t  has  been  ca l l ed  p l a s t i c  wave propaga- 
t i o n .  O b v i o u s l y ,  a t  s u f f i c i e n t l y  h i g h  r a t e s  o f  b o u n d a r y  m o t i o n ,  t h e r m a l  i n s t a b i l -  
i t y  and  f rac ture  can  occur  loca l ly  before  the  stress wave a r r i v e s  a t  t h e  more re-  
mote s t a t i o n s  i n  t h e  s a m p l e  a t  w h i c h  s e n s o r s  may be  loca ted .  Th i s  e f f ec t  can  comp- 
l i c a t e  t h e  e x p e r i m e n t a l  s t u d y  o f  t h e  i n f l u e n c e  o f  s t r a i n  r a t e  on the behavior  of  
mater ia l s .  These  dynamic  e f fec ts ,  which  can  occur  in  homogeneous m a t e r i a l s ,  a r e  
a l so  of  in te res t  in  he te rogeneous  sys tems s imula t ing ,  for  example ,  imperfec t  c rys-  
t a l s  o r  c o m p o s i t e s .  
111. DISCUSSION OF THE ANALYSIS 
The s implest  connect ion between the elementary masses  that  i s  o f  i n t e r e s t  i n  
t h i s   c o n t e x t  i s  the  purely  viscous  e lement   (10) .   In   the 
of such a model the uniform s t r e s s , 6  , i s   r e l a t e d   t o   t h e  
& , b y  t h e  c o e f f i c i e n t  o f  v i s c o s i t y , \ r )  , which i s  assumed 
e n t .  A p l a u s i b l e  form for   the  temperature   dependence i s  
quas i - s t a t i c  de fo rma t ion  
l o c a l  v e l o c i t y  g r a d i e n t ,  
t o  be temperature depend- 
ind ica ted  by  
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The r a t e  a t  which heat i s  produced i n  t h i s  element i s  g iven  by  the  product  of  the  
stress and t h e  v e l o c i t y  g r a d i e n t .  I n  a n  i s o l a t e d  e l e m e n t ,  t h e  h e a t  p r o d u c t i o n  
r a t e  can  be  equa ted  to  the  p roduc t  of t h e  h e a t  c a p a c i t y  a n d  t h e  r a t e  o f  t e m p e r -  
a t u r e  r ise.  
Combining these  equat ions  w e  have, for example,  
So lu t ion  o f  t h i s  equa t ion  fo r  a cons t an t  app l i ed  stress shows t h a t  t h e  t e m p e r a t u r e  
becomes  unbounded i n  t h e  f i n i t e  time, 
which  depends  on  the  s t ress  leve l  and the  proper t ies  of  the  model .  In  o ther  words ,  
t h e  t y p i c a l  a d i a b a t i c  r e s p o n s e  o f  a v i scous  model t o  a cons t an t  stress i n  uns t ab le .  
N o t i c e  t h a t  t h e  c o n s t a n t  s t r a i n  r a t e  c a s e  f o r  w h i c h  t h e  a d i a b a t i c  e n e r g y  
balance equation would have the form 
h a s   v e r y   d i f f e r e n t   s o l u t i o n s .  It t u r n s   o u t   t h a t   i n   t h e  time t t h e  stress decays 
t o  one half  i t s  i n i t i a l  v a l u e .  While  the temperature  can become very high i t  re-  
ma ins  f in i t e .  The t h r e a t  o f  i n s t a b i l i t y  and the  d i s t inc t ion  be tween  the  cons t an t  
s t ress  and c o n s t a n t  s t r a i n  r a t e  c a s e s  a r e  among the elementary consequences of 
ene rgy  conse rva t ion  in  imper fec t ly  r eve r s ib l e  p rocesses .  
8’ 
In genera l ,  the  connec t ions  be tween the  mass  e lements  a re  not  i so la ted  and 
heat can flow between contiguous elements and t o  t h e  b o u n d a r i e s  of the sample.  
The quas i - s t a t i c  ene rgy  ba lance  cond i t ion  then  becomes a p a r t i a l  d i f f e r e n t i a l  
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i n  which y i s  the  s ing le  space  coord ina te  and  the  hea t  capac i ty ,  c ,  and the therm- 
a l  c o n d u c t i v i t y ,  k, a r e  assumed to  be  independent of temperature.   Closed form 
s o l y t i o n s  of t h i s  equa t ion  have  no t  been  ob ta ined .  However, v a r i o u s  d i g i t a l  and 
ana log  procedures  a re  appl icable .  
Unlike equat ion 3 ,  equat ion  6 has  s t eady  so lu t ions  when the  hea t  loss by ccn- 
duc t ion  can  ba lance  the  hea t  gene ra t lon  r a t e .  Th i s  i s  poss ib l e  when the   thermal  
r e l a x a t i o n  t i m e  of the sample i s  s h o r t  r e l a t i v e  t o  t h e  a d i a b a t i c  c a t a s 2 r c p h e  time, 
t,. I f   t he   boundar i e s   a r e   i - so the rma l  and s e p r a t e d  b y  t h e  d i s t a n c e  1, a cha rac t e r -  
i s t i c  t h e r m a l  r e l a x a t i o n  time i s  given by 
That is, s t a b i l i t y  depends on the  non-dimensional  time r a t i o  
It i s  on t h i s  b a s i s  t h a t  t h e  e n e r g y  c o n s e r v a t i o n  c o n d i t i o n  l e a d s  t o  a depcnde.nce 
of  t h e  maximum stress f o r  s t a b i l i t y  on  the  s i ze  o f  t he  sample .  
The abbreviated discussion given above i s  . no t  i n t ended  to  sugges t  t ha t  the! 
t e m p e r a t u r e  c o e f f i c i e n t  o f  v i s c o s i t y ,  a ,  i s  constant and independent of t h z  t e m p -  
e r a t u r e .  I n  e q u a t i o l  1 the  temperature   dependent   exponentfal   should  be  of  t h e  f o m  
s u g g e s t e d  b y  t h e  c o x e p t  o f  t h e  e n e r g y  of  a c t i v a t i o n  f o r  t h e  p r o c e s s .  'En t h e s e  L".;?rms 
which i n d i c a t e s  a s t rong   dependence   on   the   in i t ia l   t empera ture .  The constan's EA, 
t h e  r a t i o  of t h e  e n e r g y  o f  a c t i v a t i o n  t o  Boltzmann's  constant ,  i s  a s  c l e a r l y  r e l a t 2 d  
t o  t h e  p h y s i c s  o f  t h e  m a t e r i a l  a s  t h e  v i s c o s i t y  i t s e l f .  However, t h e  r e s u l t s  o b t a i n -  
ed by the  use  o f  "a" a r e  s i m i l a r  t o  t h o s e  o b t a i n e d  w i t h  EA and  the  d iscuss ion  Ts 
then  somewhat s impler .  
The a p p l i c a t i o n  o f  t h e  a b o v e  a n a l y s i s  t o  t h e  q u a s i - s t a t i c  v i s c o e l a s t l c  c a s e  h a s  
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a l s o  b e e n  made (13). Genera l ly ,  t he  same type  of  numer ica l  ana lys i s  has  been  used  
as  for  the  pure ly  v iscous  model .  However, i n  t h e  dynamic c a s e ,  t h e  v e l o c i t y  g r a d -  
i e n t  becomes a f u n c t i o n  o f  t h e  s p a c e  v a r i a b l e  so  tha t  t he  computa t ion  i s  more 
arduous.  It i s  in  th i s  connec t ion  tha t  t he  ana log  me thods  d i scussed  be low a re  
p a r t i c u l a r l y  u s e f u l .  I n  t h e  s t a t i c  p r o b l e m s  t h e  r e s u l t s  o f  t h e  a n a l o g  method a r e  
t h e  same as  those  of  the  numer ica l  computa t ion .  
I V .  DISgSSIllIi  OF THE-ELECTRIC ANALOG METHOD 
It i s  w e l l  known t h a t  t h e  r e s p o n s e s  of  s e l e c t e d  e l e c t r i c  n e t w o r k s  a r e  a l t o -  
ge ther  ana logous  to  those  of models  of  mater ia ls  of  the  type  descr ibed  above .  In  
t h e s e  c i r c u i t s ,  i f  t h e  v o l t a g e  i s  the analog of  stress,  a capac i to r  i s  the analog 
o f  an  e l a s t i c  e l emen t ,  a r e s i s t o r  i s  the  ana log  of a viscous element ,  an inductor  
i s  the  ana log  of  a mass  and t h e  c u r r e n t  i s  the  ana log  of  t h e  s t r a i n  r a t e .  One d i s -  
t i nc t ive  f ea tu re  o f  ou r  sys t ems  i s  t h e  u s e  of  t e m p e r a t u r e  s e n s i t i v e  r e s i s t o r s  
( thermistors)  to  s imulate  the temperature  dependent  viscosi ty  of  the model  mater ia l .  
The equa t ions  fo r  t he  the rmis to r  
a r e  e n t i r e l y  
ements a r e  a 
analogous t o   e q u a t i o n s  1 and 6 above .   Other   non- l inear   c i rcu i t   e l -  
l s o  a v a i l a b l e  and could be used in conjunction w i t h  t h e  systems under 
cons ide ra t ion .  
The network shown i n  f i g u r e  1, wi th  the  thermis tors  in  thermal  contac t  wi th  one  
another ,  s imula tes  the  model  descr ibed  in  sec t ion  I1 f o r  which the connect ions be-  
tween  the  e lementary  masses  a re  an  e las t ic  e lement  in  series wi th  a viscous element  
(Maxwell  Model.). F o r   t h e   q u a s i - s t a t i c   c a s e   t h e   v o l t a g e s   a l o n g   t h e   l i n e  (numbered 
s t a t ions )  a r e  a lways  equa l .  The shunt  capac i tors  may then  be lumped bu t  no t  t he  
the rmis to r s .  A cur ren t  ( s t r a in  r a t e )  app l i ed  be tween  A and B would charge the 
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lumped c a p a c i t o r  a n d  i n c r e a s e  t h e  l i n e  v o l t a g e  u n t i l  it became high enough so t h a t  
t h e  sum of t h e  t h e r m i s t o r  c u r r e n t s  became e q u a l  t o  t h e  t o t a l  a p p l i e d .  I f  t h i s  c u r -  
r e n t  i s  low enough so t h a t  t h e  h e a t i n g  of  t h e  t h e r m i s t o r s  i s  neg l ig ib l e  the  ne twork  
behavior  would  be  ana logous  to  tha t  of a l i n e a r  Maxwell model and a s t e a d y  v o l t a g e  
would develop. 
A t  somewhat h i g h e r  c u r r e n t s  t h e  h e a t i n g  o f  t h e  t h e m i s t o r s  would g radua l ly  
l o w e r  t h e i r  r e s i s t a n c e  a n d  t h e  l i n e  v o l t a g e  would be reduced.  The p l o t  o f  l-ine 
vo l t age  agaFns t  time would  have a maximum cor re spond ing  to  a y i e l d  poiat. I f  f o r  
some reason ,  for  example  hea t  conduct ion ,  one  of  the  thermis tors  were  to  become 
h o t t e r  t h a n  t h e  o t h e r s ,  t h e  c u r r e n t  would tend t o  c o n c e n t r a t e  i n  t h a t  b r a n c h  c o r -  
r e s p o n d i n g  t o  s t r a i n  r a t e  c o n c e n t r a t i o n  o r  n e c k i n g .  I f ,  t h e n ,  t h e  e n e r g y  s t o r e d  i n  
t h e  c a p a c i t o r  were s u f f i c i e n t ,  c a t a s t r o p h i c  l o c a l  h e a t i n g  c o u l d  f o l l o w  y i e l d  c o r -  
r e s p o n d i n g  t o  l o c a l ,  p e r h a p s  b r i t t l e ,  f r a c t u r e .  
S i n c e  i n  t h e  s t a t i c  c a s e ,  t h e  v o l t a g e  d r o p s  a c r o s s  t h e  i n d u c t o r s  a r e  z e r o  and 
t h e  c a p a c i t o r s  c a n  b e  lumped, t h i s  ne twork  i s  more compl i ca t ed  than  in  necessa ry .  
However, i n  t h e  dynamic c a s e ,  t h e r e  i s  a vo l t age  d rop  ac ross  the  induc to r s ,  sLm3- 
l a t i ng  the  ine r t i a  o f  t he  e l emen ta ry  masses ,  and  the  capac i to r s  a re  no t  equa l ly  
charged.  That i s ,  t h e  s t ress  l eve l   (vo l t age )   depends   on   t he   space   va r i ab le   a s  w e l l  
a s  t h e  time, 
The network shown i n  t h e  f i g u r e  i-s an  example  of  an e l e c t r i c  t r a n s m i s s i o n  lhne.  
The  r e s p o n s e  o f  t h i s  l i n e  t o  e l e c t r k a l  e x c i t a t i o n  i s  p rec i se ly  ana logous  to the 
response  of  the  mGde1 m a t e r i a l  t o  mechan-ical  exci ta t ion.  The p a i r  o f  p a r t i a l  d F f -  
f e r e n t i a l  e q u a t i o n s  f o r  
a r e  t o  b e  compared w i t h  
t h e  v o l t a g e  and c u r r e n t  
t h o s e  f o r  stress and s t r a i n  r a t e  
a 
While  some  studies (14) were  made  usPng  the  line  as  it  is  shown  schematically 
in  figure  1  there  are  some  objections  to  this  system. In the  first  place an induct- 
or, being  typically  a co-il of wire on an  iron  core,  not  only  has  resistance  but 
tends to have  a  rating  dependent on the  current that.is being  passed. In addi- 
tion,  it is  only  at  considerable  expense  that well matched  capacitors  and  induct- 
ors can  be  obtained.  Furthermore,  the  time  scale  of  the  experiments  depends o  the 
ratings of these  components  and  this not  always  convenient. 
These  difficulties  were  overcome  in  later  work (11)(15)by using  electronic 
integrators to simulate  the  inductors and  capacitors. This  simulation  depends on 
the fact  that  %he  currant  through  an  inductor  is  proportional  to  the  time  Tntegral 
of the  applied  voltage  and  the  voltage on a  capacitor is  proportional  to  the  t-ime 
integral of the  current,.  Furthennsre,  the  electronic  integrators  are not only 
satisfactorily  accurate  but  the  proportionality  factors  can be selected  arbitrari- 
ly  and  made  to  depend  on  the  local  values of the  temperature,  stress or strain. 
This  versatility  has  not  been  exploi'led in the  work  done so far. 
The  schematic of the  circuit  equivalent  to  that  shown i figure  1  is  shown in 
figure 2 .  The  symbols  are  those  used  in  the  literature of analog  computation.  The 
power  capabilities of the  amplifiers  and  the  size of the  thermistors  that  were  used 
were  such  that  the  more  dramatic  non-linearities  could  not  be  displayed.  However, 
this  is  not  a  necessary  objection t  the  use of the  system. 
The  discussion of the  analog so far  applies  to  the  responses of homogc- -'neous 
materials  subjected  to  arbitrary  initial  and  boundary  conditions.  By  coanectlng 
two  transmission  lines,  one of which  is  energized  but in equilibrium,  the  impact of 
a  projectile  on  a  target can be  simulated  and  some of the  arbitrariness of the ini- 
tial  conditions  could  be  avoided.  Lines  representing  composite  or  heterogeneous 
systems  can  also be applied.  These  give  some  special  insights  into  the  impos;ance 
of microstruc.ture  to  mechanical  behavior, 
We  note in passing  that  the  typical  transmission  line  problem  or  the  typfcal de- 
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fo rma t ion  p rob lem invo lves  the  app l i ca t ion  o f  exc i t a t ions  on ly  a t  t he  boundar i e s .  
In such  s imple  p rob lems  a s  Po i seu i l l e  f low,  exc i t a t ion  i s  a p p l i e d  a t  i n t e r m e d i a t e  
p o i n t s  i n  t h e  m a t e r i a l .  The  analog i s  well a d a p t e d  t o  d e a l  w i t h  t h i s  s i t u a t i o n .  
V. DISCUSSION OF RESULTS, QUASI-STATIC PROBLEMS 
The behavior  of  the model  may b e  i n f e r r e d  e i t h e r  f rom numerical  solut ions of  
t h e  n o n - l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  o f  from the  r e sponses  of t h e  analogs.  The 
general  imp1FcatLons of  thermal  feedback are  exemplif ied most  s imply by the behavior  
of a s i n g l e  t h e r m i s t o r  w h i c h  r e p r e s e n t s  t h e  q u a s i - s t a t i c  b e h a v i o r  o f  a s l a b  o f  homo- 
geneous  v i scous  ma te r i a l  i n  shea r .  F igu re  3 shows t h e  h i s t o r y  o f  t h e  c u r r e z t  i n  
r e s p o n s e  t o  v a r i o u s  c o n s t a n t  a p p l i e d  v o l t a g e s .  When t h e  v o l t a g e  i s  low enough so 
t h a t  t h e  h e a t i n g  i s  n e g l i g i b l e  t h i s  e l e m e n t  b e h a v e s  l i k e  a n  o r d i n a r y ,  c o n s t a n t  re- 
s i s t a n c e .  A t  somewhat h i g h e r   v o l t a g e s   t h e   c u r r e n t  becomes time dependent. I f  t h e  
h e a t  l o s s e s  f r o m  t h e  t h e r m i s o t r  c a n  o f f s e t  t h e  power t h a t  i s  d i s s i p a t e d ,  s t e a d y  
s t a t e s  a r e  p o s s i b l e .  A t  a c r i t i c a l  v a l u e  o f  t h e  v o l t a g e ,  t h e  i n c r e a s e  o f  t h e  CUP- 
r e n t  and temperature become c a t a s t r o p h i c .  
I n  a m a t e r i a l  i n  w h i c h  h e a t  c o n d u c t i o n  i s  t h e  o n l y  mode o f  h e a t  t r a n s f e r  a s  1;1 
s o l i d s  t h e  t h e r m a l  c a t a s t r o p h e  c a n  b e  a v e r t e d  b y  f r a c t u r e .  I f  convec t ive   hea t   t rans-  
p o r t  i s  poss ib l e ,  a s  i n  l i qu ids , the  r e sponse  can  be  a t r a n s i t i o n  t o  t u r b u l e n t  f l o w  i n  
which   the   hea t   t ransfer   ra tes   a re   enhanced .  I n  a v o l a t i l e  l i q u i d  c a v i t a t i o n  i s  an 
energy consuming process  which also averts  the thermal  catastrophe.  
J 
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Figure  4 shows t h e  v o l t a g e  h i s t o r y  i n  r e s p o n s e  t o  v a r i o u s  c o n s t a n t  a p p l i e d  c u r -  
r e n t s .  Here, a t  t h e   f i r s t   i n s t a n t ,   t h e   h e a t   p r o d u c t i o n  i s  p ropor t iona l  t o  . 
L a t e r ,  a s  t h e  t h e r m i s t o r  warms up, t h e  r e s i s t a n c e  becomes lower so t h e  heat produc- 
t i o n  i s  reduced. In t h i s  a n a l o g  o f  t h e  c o n s t a n t  s t r a i n  r a t e  c a s e ,  t h e  t e m p e r a t u r e  
may g e t  h i g h  e n o u g h  t o  d e s t r o y  t h e  m a t e r i a l  b u t  t h e  d e g e n e r a t i v e  n a t u r e  o f  t h e  feed-  
back makes i t  e a s y  t o  d i s t i n g u i s h  from t h e  c o n s t a n t  s t ress  case .  
f% 
The s t a t i c  Maxwell model i s  s imulated by a c i r c u i t  c o n s i s t i n g  o f  a t ha rmis tn r  
i n  p a r a l e l l  w i t h  a c a p a c i t o r  a s  shown i n  f i g u r e  5. A t  low v a l u e s  o f  t h e  a p p l i e d  
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current  the  voltage or stress  shows  the  typical  linear  response.  At  higher  currents, 
the  steady  voltage  is  reduced  because  the  temperature of the  thermistor  rises.  A 
voltage  maximum  can  also  appear  corresponding  to  a  yield point. Notice  the  low  sen- 
sitivity of the  steady  voltage  to  the  current.  This  is  somewhat  similar  to  what  is 
called  plastic  flow. 
As  shown in figure 6 relaxation  oscillations can also be generated  correspond- 
ing  to stick-slip behavior.  Under  some  conditions  the  energy  stored  in  the  capaci- 
tor  while  the  thermistor is  heating up is  sufficient to catastrophically  destroy  the 
thermistor  in  a  manner  analogous  to  brittle  fracture. 
Figure 7 represents  the  behavior of  ah elastic  element  in  paralell  with 
the  viscous  element  (Kelvin-Voigt Model). Figure 8 shows  the  behavior of a  three 
element  model.  The  shapes of these  various  curves  are  familiar  to  students of the 
deformation of materials,  Similar  results  were  obtained by numerical  methods and 
discussed  in  reference  13. 
In typical  quasi-static  experiments  involving  large  deformations,  the  geometry 
of the  test  piece  is  not  constant.  The  simple  results  discussed  above  apply  to  the 
shear of infinite  slabs and  do not  take  this  effect  into  account.  The  influence of 
shape  changes and  heating  under  quasi-static  adiabatic  conditions  were  discussed  in 
two  reports. In one  of  these  the  responses  of  a  cylinder  to  axial  compression and 
elongation  at  constant  rate  and  at  constant load were  computed (16). A  typical 
result  is  shown  in  figure 9 .  This  shows  the  response  of  a  viscous  material to a
constant  rate of compression.  Here  the  destabilizing  effect of the  temperature 
rise can be  offset by the  increase  in  the  cross  section of the  test piece. This 
result  is  likely  to be relevant in material  forming  processes. 
A more  complicated,  but  practically  interesting  situation  is  produced  by  the 
blow of a  hammer on the  cylinder. In this  case,  the  duration of the  experiment  is 
short in comparison  with  the  time  required  for  the  establishement of stress  equili- 
brium,  but  long in comparison  with  the  thermal  relaxation time. The  stress  depends 
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no t  ozzly o n  t h e  i n s t a n t a n e o u s  c r o s s  s e c t i o n  o f  t h e  piece, b u t  a l s o  on t h e  i n s t a n -  
t a n e o u s  v e l o c i t y  o f  t h e  hammer which i s  a va r i ab le  and  becomes z e r o  a t  t h e  end of 
the  experiment.  A t y p i c a l  r e s u l t  i s  shown in   f i gu re   10 .   Th i s   s tudy   (17 )  shows 
t h a t  t h e  r e s p o n s e  a p p e a r s  t o  b e  a l m o s t  p e r f e c t l y  e l a s t i c  a t  low hammer v e l o c i t i e s ,  
bu t  a lmos t  pe r f ec t ly  v i scous  fo r  heav ie r  b lows .  Th i s  k ind  o f  non- l inea r i ty  o f  re- 
sponse i s  ve ry  commonly o b s e r v e d  i n  p r a c t i c e .  The r e v e r s i b l e  p a r t  i s  due t o  t h e  
combined e l a s t i c i t y  o f  t h e  hammer and the tes t  p i ece ,  bu t  i s  dominated by that  of  
t h e  hammer. T h i s  v a r i a b l e  d e f o r m a t i o n  r a t e  s i t u a t i o n  i s  e a s y  t o  p r o d u c e  i n  t h e  
l abora to ry  and i s  mare l i k e l y  t o  o c c u r  i n  n a t u r e  t h a n  t h e  c o n s t a n t  d e f o r m a t i o n  r a t e .  
O t h e r  s t a t i c  d e f o r m a t i o n s  o f  homogeneous  models o f  ma te r i a l s  can  be s tud ied  
by s t ra ightforward extensions of  the analyses  discussed above and some have been 
men t ioned  in  the  r e fe renced  a r t i c l e s .  He te rogene i ty  in  the  mode l  can  a l so  be  an  
impor t an t   cons ide ra t ion   i n  t h e  s t a t i c   ca se ,   Fo r   example ,   t he   r e l evan t   cha rac t e r -  
i s t i c  t h e r m a l  r e l a x a t i o n  t i m e  o f  a mul t i l aye r  conf igu ra t ion  in  wh ich  v i scous  and 
e l a s t i c  m a t e r i a l s  a l t e r n a t e  c a n  depend on t h e  t h i ckness  o f  a s ing le  v i scous  l aye r  
and n o t  d i r e c t l y  on  the  g ross  vo lume  f r ac t ion  o f  t he  v i scous  ma te r i a l .  As a re- 
s u l t  t h e  s t a t i c  m e c h a n i c a l  s t a b i l i t y  o f  t h e  s y s t e m  c a n  b e  e x p e c t e d  t o  d e p e n d  o n  
wha t  migh t  be  ca l l ed  the  mic ros t ruc tu re  (18 ) .  
VI  DISCUSSION OF RESULTS, DYNAMIC PROBLEMS 
I n  t h e  dynamic problem the stress depends on t h e  s p a c e  v a r i a b l e  a s  w e l l  a s  
t h e  time. T h i s   l e a d s   t o  a  more c o m p l i c a t e d   a n a l y t i c a l   s i t u a t i o n .  However, t h e  
equat ions  for  cons tan t  va lues  of  the  model  parameters  in  the  one  d imens iona l  case  
have had a g r e a t  d e a l  o f  a t t e n t i o n  i n  c o n n e c t i o n  w i t h  t h e  p r o p a g a t i o n  o f  e l e c t r i c a l  
d i s t u r b a n c e  i n  t r a n s m i s s i o n  l i n e s .  T h e s e  a n a l y s e s  a r e  n o t  d i r e c t l y  a p p l i c a b l e  
when the  coe f f i c i en t s  have  the  compl i ca t ed  dependence  on time which  a r i s e s  from 
the   energy   condi t ion .  However, the  idiom  developed  in  t h e  c o n s t a n t  c o e f f i c i e n t  
ca se  i s  u s e f u l .  F o r  e x a m p l e ,  i n  t h e  e l e c t r i c a l  c a s e  o n e  s p e a k s  o f  t h e  a t t e n u a t i o n  
and d i s t o r t i o n  o f  s i g n a l s ,  t h e  f i l t e r i n g  c h a r a c t e r i s t i c s  and Q ( t h e  q u a l i t y  f a c t o r )  
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of  the  l ine .  These  have  prec ise  counterpar t s  in  the  mechanica l  sys tem.  
C o n s i d e r  f i r s t  t h e  r e s p o n s e  o f  a s l a b  o f  p u r e l y  v i s c o u s  m a t e r i a l  t o  t h e  ap- 
p l i c a t i o n  o f  a s h e a r  v e l o c i t y  a t  o n e  o f  i t s  boundaries .  This  i s  ana logous  to  the  
behavior  of  the  ne twork  of  f igure  1 wi th  the  s to rage  e l emen t s ,  t he  capac i to r s ,  
l e f t  o u t .  The r e l e v a n t   c o n s t a n t   c o e f f i c i e n t   e q u a t i o n :  
i s  r e c o g n i z e d  a s  t h e  d i f f u s i o n  e q u a t i o n  and i s  ana logous  to  
The propagat ion  and  a t tenuat ion  in  the  mater ia l  depends  on t h e  v a l u e s  o f  t h e  
c o e f f i c i e n t s .  When "Le l e v e l  o f  e x c i t a t i o n  is  low and the  hea t ing  of  the  thermis-  
t o r s  i s  n e g l i g i b l e  t h e  l i n e a r  t h e o r y  i s  app l i cab le .  A t  h i g h e r  l e v e l s  of e x c i t -  
t i o n  t h e  e f f e c t i v e  v i s c o s i t y  i s  reduced. The loca l  va lues  o f  t he  "ve loc i ty"  then  
decrease  and  the  a t tenuat ion  increases .  The n a t u r e  o f  t h e  d i s t u r b a n c e  t h a t  r e a c h -  
es a n  i n t e r i o r  s t a t i o n  o r  t h e  f a r  b o u n d a r y  d e p a r t s  from t h a t  p r e d i c t e d  b y  l i n e a r  
theory .  Examples a r e   d i s c u s s e d   i n   r e f e r e n c e  (11). 
A p a r t i c u l a r l y  i n t e r e s t i n g  s i t u a t i o n  d e v e l o p s  i f  t h e  a p p l i e d  v e l o c i t y  i s  
s inuso ida l .  Th i s  gene ra t e s  a v e l o c i t y  wave wi th  a nominal  depth of  penetrat ion 
which  depends on the  f requency  as  w e l l  a s  t h e  m a t e r i a l  p r o p e r t i e s .  A s  t h e  f r e -  
quency increases ,  this  depth decreases  which increases  the local  heat  product ion 
r a t e .  The temperature  r i se  r educes  the  v i scos i ty  wh ich  fu r the r  r educes  the  dep th  
of   ponet ra t ion .   Thus ,   another   regenera t ive   feedback   loop   deve lops   which   mus t   l ead  
t o  t h e r m a l  i n s t a b i l i t y .  I n  a r ea l  phys i ca l  sys t em,  a r e a s o n a b l e  r e s p o n s e  t o  t h i s  
i n s t a b i l i t y  would be cavi ta t ion which can consume  a l a r g e  amount of energy and 
ave r t  t he  the rma l  ca t a s t rophe .  A p o s s i b l e  e x p l a n a t i o n  o f  a c o u s t i c  c a v i t a t i o n  t h u s  
a r i s e s .  
I n  t h e  dynamic  Maxwell  model, two propagat ion modes can occur .  One o f  t hese  
-t 
i s  t h e  e l a s t i c  mode which i s  l o s s l e s s  and cha rac t e r i zed   by  a v e l o c i t y  (LC) . The 
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tirpe a n d  d i s t a n c e  a r e  r e l a t e d  by 
The o t h e r  i s  t h e  d i f f u s i o n  mode which i s  l o s s y  and d i s p e r s i v e .  I n  t h i s  mode the  
t i m e  a n d  d i s t a n c e  a r e  r e l a t e d  by 
Now we n o t i c e  t h a t  c l o s e  t o  i h e  s o u r c e  o f  e x c i t a t i o n ;  t h a t  i s ,  f o r  y smal l ,  
t D  i s  less than  tE. Thus, t h e  i n i t i a l   r e s p o n s e  i s  e s s e n t i a l l y   v i s c o u s .   F a r t h e r  
from  the  source t~ i s  less than  tD. Thus a sensor   remote  f rom  the  exci ta t ion  would 
show an i n i t i a l l y  e l a s t i c  r e s p o n s e .  A t  a n  i n t e r m e d i a t e  s t a t i o n  t h e  e l a s t i c  p r o c e s s  
w o u l d  o v e r t a k e  t h e  v i s c o u s  p r o c e s s .  E f f e c t s  o f  t h i s  s o r t  c a n  b e  o b s e r v e d  i n  e x p e r -  
iment s I 
One o f  t h e  r e a s o n s  f o r  t h e  above  development i s  t h a t  it l e a d s  t o  a new non- 
dimension21 t i m e  r a t i o  which i s  a p rope r ty  o f  t h e  m a t e r i a l  and i t s  s i z e .  We have 
which emerges as a n a t u r a l  p r o p e r t y  of t h e  m a t e r i a l  which i s  r e l a t e d  t o  t h e  Q of 
t he   ana logous   t r ansmiss ion   l i ne .   Th i s  i s  a v i b r a t i o n  damping index. Its va lue  
de te rmines  whether  or  to  what  ex ten t  " r ing ing"  occurs  in  the  sample .  
A number of  "computat ions"  are  de.scr ibed in  reference.  15.  One o f  t h e s e  re-  
l a t e s  t o  more o r  less t h e  same. problem discussed  ear l ie r  by  von  Kannan and o:hers 
(21 )  in  terms of p l a s t i c  wave p ropaga t ion .  Typ ica l  r e su l t s  a r e  shown i n  f i g u r e  i t .  
The u s e  o f  t h e  a n a l o g  e l i m i n a t e s  t h e  n e c e s s i t y  f o r  t h e  u s e  o f  a r t i f i c a l  c o n s t i t u t i v e  
o r  s t a t e  e q u a t i o n s  f o r  t h e  m a t e r i a l .  S i n c e  a u t h e n t i c  p h y s i c a l  c o n c e p t s  a r e  i n v o l v -  
ed these methods have some advantages over methods which use the purely mathema- 
t i c a l  c o n c e p t  o f  p l a s t i c i t y .  
A n o t h e r  f e a t u r e  o f  t h e  a n a l y s i s  i s  the development of a dependence  of t h e  
e f f e c t i v e  Q o f  t h e  l i n e  o n  t h e  ampl i tude  o f  t he  exc i t a t ion  (14 ) (15 ) (17 ) ,  Some of  
Mason's experiments with metals ( 2 3 ) ,  show t h a t  above a c r i t i c a l  a m p l i t u d e  : h i s  
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dependence becomes s t r o n g .  F u r t h e r  a t t e n t i o n  is  now b e i n g  g i v e n  t o  t h i s  p o i n t  o f  
contact  between the analysis  and experiment .  
The dynamic  behav io r  o f  t he  mode l  cons i s t ing  o f  a l t e rna te  e l a s t i c  and  v i scous  
layers  has  some s p e c i a l  r n t e r e s t  i n  c o n n e c t i o n  w i t h  t h e  b e h a v i o r  o f  i m p e r f e c t  c r y -  
s t a l s .  When, i n  such a model,  an i n s t a b i l i t y  d e v e l o p s  i n  o n e  of t he  v l scous  l ay -  
ers, a stress r e l i e f  wave propagates  f rom that  layer  toward the boundaries  of  the 
sample. For a t i m e  r e l a t e d  t o  t h e  a c o u s t i c  v e l o c i t y  and the  s i ze  o f  t he  sample ,  
t h e  h e a t  s o u r c e  i n  t h e  l a y e r  i s ,  i n  e f f e c t ,  t u r n e d  o f f .  T h a t  i s ,  the  feedback  loop 
i s  opened. I f  d u r i n g  t h i s  p e r i o d  t h e  l a y e r  c a n  c o o l ,  t h e  r e c o s r e r y  from t h e  c a t a s -  
t rophe  can  be  e s sen t i a l ly  comple t e .  
The occurrence of  the non-lethal  catastrophe depends on the relat ive magnitude 
o f  t h e  a c o u s t i c  t r a n s i t  t i m e  i n  t h e  sample and the thermal relaxation time of the  
layer  in  which  t h e  i n s t a b i l i t y  o c c u r s .  The non-d lmens iona l  r a t io  o f  t hese  times 
sugges ts  a c r i t e r i o n  f o r  d u c t i l i t y  i n  t h e  m a t e r i a l .  T h i n  v L s c o u s  l a y e r s ,  which 
have   shor t   hermal   re laxa t ion  times a re   conduc ive   t o   duc t i l i t y .   Th i s   a rguemen t ,  
d e v e l o p e d  i n  g r e a t e r  d e t a i l  i n  r e f e r e n c e  ( 1 8 ) ,  l e a d s  a g a i n  t o  a possible  connec-  
t ion  between  microstructure   and  mechanical   behavior .  The fac t  tha t  d ramat ic  therm-  
a l  e v e n t s  c a n  b e  o b s e r v e d  t o  accompany the formation of s l i p  band i n  m e t a l s ,  t e n d s  
t o  c o n f i r m  t h e  r e l e v a n c e  o f  t h i s  a n a l y s i s  ( 6 ) .  
CQNCLiJDLPIC- DISC'JSSION 
While a  few cor re la t ions  be tween the  resu l t s  of  ana lyses  and  exper iment  have  
b e e n  c i t e d  i n  t h e  t e x t  a b o v e ,  many o the r s  a re  poss ib l e .  Fo r  example ,  hea t ing  e f -  
f e c t s  c a n  o c c u r  i n  f a t i g u e  t es t s .  These  can  not  only  be  important  by  themselves 
bu t  a l so  can  inc rease  the  chemica l  r eac t iv i ty  o f  t he  ma te r i a l  w i th  i t s  environment 
t o  produce  secondary  e f fec ts .  To t h e  e x t e n t  t h a t  mechanisms  of   the  fa i lure   pro-  
c e s s  a r e  i n v o l v e d ,  c o n t r i b u t i o n s  t o  t h e  t h e o r y  o f  r e l i a b i l i t y  a r e  s u g g e s t e d .  
The important ideas of work hardening and  work so f t en ing  a re  g iven  a r i c h e r  
p h y s i c a l   i n t e r p r e t a t i o n .   I n   t h i s   c o n n e c t i o n ,   t h e   r e m a r k a b l e   d u r a b i l i t y   o f   r u b b e r  
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i n  t ires may depend t o  some e x t e n t  o n  t h e  f a c t  t h a t  t h e  r e s t o r i n g  f o r c e s  i n  t h i s  
m a t e r i a l  i n c r e a s e  a s  work i s  done and the temperature  increases .  
The ana lyses  a l so  sugges t  a r e v i s e d  a t t i t u d e  t o w a r d  w h a t  a r e  c a l l e d  p r o p e r -  
t i e s  o f  m a t e r i a l s .  The non-d imens iona l  pa rame te r s  o r  s imi l a r i t y  c r i t e r i a  wh ich  
a r i s e  a r e  of  p a r t i c u l a r  i n t e r e s t  i n  t h i s  c o n n e c t i o n .  Even i n  c o n v e n t i o n a l  terms, 
what may b e  c a l l e d  t h e  v i s c o s i t y  o f  s o l i d s  i s  g iven  an  impor tan t  ro le .  
Given t h e  model, there  can  be  no  ques t ion  about  the  va l id i ty  of  the  ana lyses .  
The problem i s  t h e  i d e n t i f i c a t i o n  o f  t h e  m o d e l  w i t h  t h e  d i v e r s e  r e a l i t i e s  o f  t h e  
s i t u a t i o n .  A s  t h e  model  becomes  more r e a l i s t i c ,  and t h e r e f o r e  more complex,  the 
ana lyses  become more d i f f i c u l t .  Then t h e  p h y s i c a l  i n s i g h t s  t h a t  a r e  d e v e l o p e d  b y  
examining the "s t r ipped down" models may s t i l l  be  use fu l .  
While i n  t h e  d i s c u s s i o n , t h e  v e r s a t i l i t y  o f  t h e  a p p r o a c h  i s  emphasized, i t s  
a p p l i c a t i o n  i s  not  wi thout  hazard .  For example,   one  of   the  key  ideas   in   the 
development i s  t h a t  of regenera t ion .   Regenera t ive   p rocesses   en te red   the   theory   o f  
m a t e r i a l  f a i l u r e  many y e a r s  a g o  i n  c o n n e c t i o n  w i t h  t h e  d i r e c t  c u r r e n t ,  e l e c t r i c a l  
breakdown  of  gases ( 2 4 ) .  There ,   t he   r egene ra t ive   p rocess  and i n s t a b i l i t y  i n v o l v e s  
the   deve lopment   o f   ava lanches   o f   e lec t rons .   In   tha t   case   the   above   ana lys i s   can-  
no t  be  app l i ed  wi th  conf idence  because  o f  t he  d i f f i cu l i t y  o f  de f in ing  a temperature  
in  mix tu res  o f  e l ec t rons  and  a toms .  T h i s  compl i ca t ion  does  no t  a r i s e  in  the  low 
vol tage experiments  of  Copple  e t  a 1  (2) or i n  t h e  mechanical experiments which are 
cons idered  here .  
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Figure 1.- Electr ic  c i rcui t  analog of homogeneous, one dimensional Maxwell Model 
Material taken from reference 14. The configuration represents a slab excited 
a t  t he  l e f t  hand boundary and held fixed a t  t h e   r i g h t .  
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Figure 2.-  Simulation of t h e  c i r c u i t  of f i gu re  1 taken from reference 15. 
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Figure 3.- Time dependent current through a thermistor a t  various constant 
voltages showing the  e f f ec t  of regenerative feedback. 
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Figure 4.-  Time dependent voltage across a Thermistor a t  various constant currents.  
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Figure 5.- Behavior of a thermistor  analog of a  Maxwell  Model  Material  at 
various  constant  currents  showing  phenomena  resembling  yield  and  plastic  flow. 
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Figure 6 . -  Same as f igu re  5 showing  relaxation  oscillations. 
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Figure 7.- Time dependent voltage across a thermistor analog of a Voigt model. 
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Figure 8.- Time dependent voltage across a thermistor analog of a t h r e e  
element model. 
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Behavior  of a viscous  cylinder  subjected to various  constant  rates 
of axial compression  showing how the force decrease due to thermal softening 
at high strain rates can be offset by the increase  in the cross section 
(from  ref. 16). 
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Figure 10.- Plots  of  temperature,  force  and  length as functions of time  for a 
viscoelastic  cylinder  subjected  to  hammer  blows of various  severities.  While 
the  material  shows  isothermal,  essentially  elastic  behavior  at l w levels, 
damping  is  conspicious  at  the  higher  levels  (from  ref. 17) . 
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Figure 11.- Plots  of  the  stress d i s t r i b u t i o n  i n  a s l ab  of v i s c o e l a s t i c  material 
a t  various times a f t e r  t h e  a p p l i c a t i o n  of a v e l o c i t y  s t e p  a t  one boundary. 
The l e f t  hand curves show the  e s sen t i a l ly  l i nea r  evo lu t ion  o f  t he  wave a t  
low l eve l s  o f  exc i t a t ion .  The other  shows t h e  stress r e l i e f  a t  the input  
end due t o  h e a t i n g  when t h e   l e v e l  i s  higher (from ref.  15) . 
29 
- 
